Technical Appendix
for
Bayesian Inference in Asset Pricing Tests

Inference on o

1. Diffuse Prior:

v+ N

(pdf) Pla) x[v+ (a—a&)Hla—-a&)] 2, (8)
where v =T — 1 — N, H=vS"!/a. Note also that the exponent —(v + N)/2 = —(T —1)/2.
Ela) =&
v a a
Varled = 575 v 2T 3 N

Random samples of o ~ can be generated by drawing:

(1) X~N(0,82). £2=aS
.. * * v
() y~x() or y=2y", y" ~ gamma(})
> a= x +a
WV
The proof that this is distributed multivariate Student ¢ (MVT) given by (8) follows from:

Proposition:
With X~ N(0, £2), y ~ x*(n) then

Proof:

n
y has density Ply) = Z—— and Zly ~ N(0,—)
Y

thus the joint density of y and Z is:

which can be written:

n 1
y%N_lexp[—iqy], g=1+72'02"'Z
or .
_ n4N ntN
¢ 7 ay) T eapl—5ay]

(a x2 density)
Integrating y out, we get the density of Z

n+N

P(Z)xq™ >
Notice [[ P(Z,y)dy = q~* [ P(Z,y)d(qy)]. I



2. With the investigator’s prior: Py(cx)

v+ N

(pdf)  Pla) x Py(@)[v+ (o — &) H(a —&)]"
= constant X Py(a) x standardized MVT

where 1

constant = { / Py(a) x standardized MVTda

so that
/ Pla)d(a) = 1
The mean or function of interest is g(a) is

/g(a)standardized Pla)da
= constant /g(a)PO(a) x standardized MVT da

= [/g(a)PO(a) x standardized MVT dex| /contant;

where
constant; = / Py(a) x standardized MVT do

= 1/constant
Inference on A\

A =o' X
E)\ = /)\(standardized Pla, X))dadX
Pla,¥) = P(a| X)P(X)

T—14+N

1
P(XY) x| X~ exp[—EtrZ’_ls]

which is inverted Wishart, with deg.=T — 2.
1
P(a| %) x |2\—%exp[—§(a — &) (aX) Ha - &)
which is normal with mean & and variance aX.

Draw samples from IW(T — 2, N):

(i) Decompose (once) S~! = LL', where L is lower triangular.

(if) Get Uyj ~ N(0,1), i > j and Uy ~ /x2(T —1—1i),i=1,...,N

(iii) Form the lower triangular U matrix so [Geweke (1988)]

X =RR~IW(S,T-2)
with
R = (LU)™!
and
> = (LU)LU) ~W (S 1T -2)



Odds Ratio under Cauchy Prior

Prior:

N+1

Ho:  P([Ho)oc |X|™=

N+1

Hy: P(|Hj) x Pla|X)|X|

with P(a|X) being Cauchy:

Odds Ratio:

(i) The Numerator

kX3
P(a]) = i N
1+ o' X ta/k) =

Ko [ [ L(8, X|Hy)P(B8, X|Ho)dBd X _n
T T L., Z[HA)P(a, B, B[Ha)ddBdE ~ I’

(19)

Since o = 0, we can write:

Let

and

then

Notice that

and

Yy ... YN1 X,
: : : —( )(51 6N)EY—X0ﬂ/.
YiT  --- YNT Xr

By = [(X(Xo) X} Y]'.
So = (Y — Xof3)) (Y — Xof3)),

T -1
b= <Z Xf)
i=1

h= / / (m) 2| S Fenpl~ 5 tr(Y — XoB) (Y ~ Xo) 2|2~ F apdz

(Y —XoB') (Y — XoB') = So + (8’ — B) X Xo(8' — B7)

(B~ B XiXo(B — 3) 57 = £(8~ Bo) 578~ By).

N

~ = (zw)—TzN/{/|2|—%exp[—21b(g—ﬁo)’z—l(g—ﬁo)}dg} \2|—%exp[—%tr2—lso}dz

where v =T — 1 and

T+N

1
2 exp[—§tr2_1so]d2

— (2m) & / (2m) ¥ 0% 3|

v

[So|™2 / ||So|exp[—2t7°2_180]d2

v+ N+1
|7 =2

= (21)" 2 (2m) Tb7 [So| 2O (v)




The denominator

12:///(2@*%&*%@@[—%”(\{—XB)/(Y—XB)]

Notice that

(B-B)X'X(B-B) = l(a —a)(a—

a

P(a|X)dadBdE

&) + (8- B)(B~B)

so, conditional on o and X, 3 has mean B and covariance bX. Integrating 3 out we get:

= [ [en # s fen s el (@ - a5 e
a

=) Fento¥ [ [enl-g(a-aysia-

:(27r)_T2( ) bz S :C(v //exp—— - &

1 I8z

1)+N+1

C(v) |3
which is the standard inverted Wishart (IW) density. Therefore,

_ |S|)g
K= () /e o

with

P(X) =

and

&)l ) P(a|2)exp[—%tr2’18]dad2

T 1
&)X é“exp[_itrzfls]dadz

) X7 o~ )| P(a] 2)P(X)dod 2

1
exp[—gterlS]

=T-1

)| P(a|X) P(X) dadX
————
Cauchy W



Odds Ratio under Normal Prior

Prior:

N+1

Ho:  P([Ho)oc |X|™=

N+41

Ha:  P([Ha)ox P(a|X)| X772

with P(a|X') being normal:
1
P(a|X) = (QW)*%|k2|*%exp[_§a/2*1a/k]
The Numerator
Same as the Cauchy case.

The Denominator

_ TN T 1 , 7N;r1 o o
12:///(27r) |2~ % eap[—5tr(Y —XB)' (Y - XB)||Z|~"F P(a| £)dadBdS

=(2m) T (2m)TbY / / P(a|2)exp[f%(a —&)E Ya—-a)Z exp[f%tm*ls]dadz

= (Qw)*%(zw)%b%//(%)%(zw)*%|2|*%exp[—%a/2*1a/mexp[ L o a)sa- d)]\Z|7¥exp[—%tr2715]dad2

2

- (2w)—¥(2w)%b%(%)%// exp[—%a'z—la/k](%)—%|a2\—%exp[—i(a—a)’z—l(a—a)]|2|—¥exp[—%trz—ls}dadz
_IN N N O N o _v 1, “1g o o
—em Fen B TSI ECw) [ [ conl-jo' S a/k f(a]2) P(E) dads

normal std. IW

Therefore: . N
S| )2 (k)z
K,=(— -
(5 a) /¢

1,
Q= //exp[—§a X la/kf(a|2)P(X)dadX

where



Odds Ratio using the Savage Density

1. Prior under the alternative

——"

normal IwW

2. Prior under the null hypothesis

P(IB7E‘HO) = PA'(X:O X P(a7ﬂ|2)P<2)|a:O
3. Odds ratio

marginal posterior density of  at a =0

K =
° marginal prior density of a at a =0

Proof:

ffL B, E|H0) (B, ¥|Ho)dBdX

P(O‘7BIE)P(Z)‘0:O
JJ LB, Z|Ho) [ffp(a,mz)mzmo dﬁdZ} apdx

B (@ fI2)P(E)
JJ [ L(e. B, Z|Ha) [f”P ST E)dadﬂdz}dadﬂdz

///P(Ot,ﬁlz)P(z)dadﬁdzEl

1 [ [ L(B, 2|Hy)P(cr, B| X)P(X)|a—0 B
" [ P(o, BIZ)P(Z)|am0 dBIE fffL .3, X|H)P(a, B|X)P(X)dadBdX

where the first term is the marginal prior density of & at a = 0 and the second term is the marginal posterior density of « at
a=0.

Note that:

So we can express:

4. If we choose prior as:

1 .
P(B|X) |E|71€$10[—§t7"(]3 —B)'X(Xo(B —Bo)X ]

. 1
P(X¥) x \2|_%exp[—§trx_lso]
where o =79 — 1+ N.

(i) The marginal prior density of a:

vo+N

Py(ax) = Covem)™ % [Hy| 2 [1 + (c — érg) Ho(ax — éxo) Jvo] ™2

where

T((vo + N)/2)
T(vo/2)

vg=Tp—1— N, Tpis the number of periods

Co =

6



HO = Uosal/ao

and ag is the (1,1) element of (X{Xo)™!, N o
[Ho| = vg'ag ™ /[Sol

(ii) The marginal posterior of a:

_vi+N

Pi(a) = Cy(vym)~ % [Hy |2 [1 + (o — 60) Ho(a — &) Jvy]” 2
T((v1 + N)/2)

T(v1/2)
n=T-1-—N

H1 = vlsfl/al

Ch =

and a; is the (1,1) element of A~! (which is defined below),

S1 =So+ Si1+ Si2

Proof:

Consider the likelihood:
_T-Ty 1 S O\~ 5 -1 1 -1
Lx|X~ = ea:p{—Etr[(B -B;)'X X;(B-B)|X¥ }emp{—§tr2 Si1}
where OLS estimator By and Si; are obtained by using data from Ty + 1 to T, i.e. T — Ty periods. Then

1 ~ N A A I 1
Posterior oc |2|*1exp{—§tr[(B —Bo)'XyXo(B - Bg) + (B - B;) X)X, (B - Bl)]2*1}|2|*71exp{—itr2*1(50 +S11)}

where
p =T —=To) +po=T—-1+N
As R R R R
(B - By)'X(Xo(B - By) + (B - B;)'X|X;(B - By)
= B'(X{X, + X,X,)B - B'X,X(B, — B{X,X,B + B{X/X,B, - B'X|X,B, - B|X|X,B + B/ X, X,B,;
= (B-B)YA(B—-B)+Si,
where

]:)) = A_l(X6XOE0 + X/1X1B1)
Slg = BBX6XOBO + ]3'1X1X1]§1 — B/AB
= B,X,X,By + B/ X, X;B; — (X, X(Bo + X} X,B;)' A} (X,XBy + X, X,B))
So the posterior:
1 ~ ~ B 1
Posterior oc |Z‘|flescp{—§tr[(B - B)'A(B - B)]2’1}|2\771exp{—itrﬂ’lsl}

with
S1 =S+ S11+ S1i2 |



